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Low dimensional structures in the non-trivial topological phase can host the in-gap Majorana bound states
identified experimentally as zero-bias peaks in differential conductance. Theoretical methods for studying Ma-
jorana modes are mostly based on the bulk-boundary correspondence or exact diagonalization of finite systems
via, e.g., Bogoliubov–de Gennes formalism. In this paper, we develop an efficient numerical algorithm for iden-
tifying Majorana zero modes via looking for extreme eigenvalues of symmetric matrices. The latter problem
may be solved for very large clusters of arbitrary shape/geometry. In order to demonstrate the efficiency of our
approach, we study two- and three-dimensional clusters described by the Kitaev and Rashba models for which
we determine the number of Majorana modes and calculate their spatial structures.
I. INTRODUCTION
In 2001 Kiteav proposed realization of the Majorana bound
states at the ends of a one-dimensional (1D) chain of spinless
fermions with an inter-site paring [1]. This preeminent idea
opened a period of the experimental and theoretical studies of
these topological bound states [2–5]. One of the main proper-
ties of the Majorana zero modes (MZMs) is their non-Abelian
statistics [6]. This makes MZMs a very attractive subject of
study in the context of topological quantum computing [7–12]
and its practical implementation via braiding protocols [12–
16].
Currently, there are known several experimental setups
where the Majorana quasiparticles realization is expected in
low dimensional systems (Fig. 1). We can mention here
semiconducting–superconducting hybrid nanostructures [17–
24] or chains of magnetic atoms deposited on a superconduct-
ing surface [25–30]. In the first case, the mutual interplay
between intrinsic spin–orbit coupling, superconducting prox-
imity effect, and external Zeeman magnetic field leads to the
realization of zero-energy bound states [5]. In the second case,
Majorana quasiparticles are formed as a consequence of the
magnetic moments in ferromagnetic atomic chains [31–34].
Experimental works also report the existence of the zero-
energy modes around two-dimensional topological supercon-
ducting domains [35–37] or magnetic nanoisland [38–41].
Moreover, the topological properties of such systems can be
tuned by the attached nanowire to the two dimensional (2D)
plaquette [42, 43]. Also recent progress in the preparation of
the nanostructures opens way to realization of the topological
edge modes in a two-dimensional system [44–46]. This pos-
sibility has been recently reported in the case of ferromagnet–
superconductor heterostructures [47, 48]. In such cases, the
Majorana flat band can be realized [49, 50] at the edge of the
finite-size system [51, 52].
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Motivation.—Several experimental methods are used to
confirm the presence of MZMs. Most of them are based on
the quantization of the differential conductance [53], show-
ing the Majorana quasiparticles signatures in the form of the
zero-bias peak [54]. There also exist a few theoretical meth-
ods to confirm the existence of the topological phase in the
system [55–57]. The most direct approach is to calculate the
topological number which types depend on the system sym-
metry class [58–60]. The study of the topological phase di-
agram based on the bulk–boundary correspondence [61, 62],
is also available. In practice, these techniques are applicable
to systems which fulfill several conditions concerning e.g. the
periodicity (relatively small unit cell of the system because re-
ciprocal space description is needed), homogeneity (absence
of disorder), etc. In the paper, we derive an efficient general
technique to study MZMs in a wide class of non-interacting
tight-binding models, independently of the translational sym-
metry, geometry or dimensionality. This method is based on
the fact that the MZMs operators are integrals of motion of the
system [9, 15, 63–66]. The number of the MZMs as well as
their spatial structure may be obtained from the analysis of the
extreme eigenvalues of an appropirate symmetric matrix. As a
consequence, algorithms based on the Krylov subspace-based
decomposition can be used [67]. By using those algorithms,
FIG. 1. Schematic representation realization of the Majorana modes
on the edge of the quasi-one-dimensional system deposited on the
superconducting substrate.
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2our method allows studying much larger systems in compari-
son to methods requiring full diagonalization of the Hamilto-
nian. This advantage of our method opens new possibilities
for the numerical studies of MZMs, including investigation of
more realistic multi-orbital models or systems with complex
spatial structures. One may also go beyond the simplest mod-
eling of nanowires which host MZMs and described them as
real three-dimensional (3D) objects, as schematically shown
in Fig. 1 and discussed later on in more details. The paper is
organized as follows. First, in Sec. II we derive the algorithm.
The basic examples and tests are shown in Sec. III, while more
advanced examples which include three-dimensional model-
ing of nanowires with MZMs is demonstrated in Sec. IV. Fi-
nally, we summarize our method and results in Sec. V.
II. METHOD
Before sketching the new method, first we define Majorana
fermions and MZMs. Majorana operators are defined by the
following commutation relation{
γi,γ j
}
= 2δi j, (1)
which lead to the following properties of Majorana fermions
γ2i = 1, γi = γ
†
i . (2)
Majorana zero modes, Γn, are states which are indistinguish-
able from their antistates, so they fulfill mentioned above con-
ditions for Majorana fermions, and additionally, they have to
commute with the Hamiltonian H [9, 64],
[H,Γn] = 0. (3)
Every fermionic Hamiltonian, without many-body interac-
tion, can be written in terms of Majorana operators
H = i∑
i j
Mi jγi γ j. (4)
The matrix M has to be real and it can be always chosen in the
upper triangular form, which is proven by the commutation
relations for Majorana operators (see Appendix A 1).
Any set of Majorana operators can be transformed to an-
other set of Majorana operators by the orthogonal transfor-
mation, therefore the Hamiltonian can be always rewritten in
another basis,
H = i∑
i j
Mi jγi γ j = i∑
i j
∑
nm
γ˜nOTniMi jO jmγ˜m. (5)
Operators γn are Majorana operators defined by the following
equation
γi =∑
n
Oinγ˜n, (6)
where matrix O describes the orthogonal transformation
(OTO = 1) from one Majorana fermion basis to the other. If
under some transformation O, certain operators γ˜n do not ap-
pear in the Hamiltonian, then the latter operators represent
MZMs. We would like to formalize this condition in terms
of matrix M.
The Hamiltonian can be rewritten in terms of the new ma-
trix hnm = ∑i j OTniMi jO jm,
H = i∑
n,m
γ˜nhnmγ˜m = i ∑
n<m
γ˜n (hnm−hmn) γ˜m. (7)
Thus, the operator γ˜n is a MZM operator Γn = γ˜n, if
∀m (hnm−hmn) = 0. Such operator is the integral of motion.
It commutes with the Hamiltonian [H,Γn] = 0 simply because
it does not appear in the Hamiltonian. This condition can be
written as a single compact equation,
∑
m
(hnm−hmn)2 = 0, (8)
and can be further expressed using the matrix elements of the
original Hamiltonian (see Appendix A 2 for more details)
∑
i j
OTni
[
(M−MT )2]i j O jn = 0. (9)
The latter equation is similar to the eigendecomposition of the
matrix −(M−MT )2, where the minus sign is added to obtain
positive spectrum of eigenvalues,
∑
i j
OTni
[−(M−MT )2]i j O jn = λn. (10)
Thus, by the numerical diagonalization of the matrix −(M−
MT )2, and looking for eigenvalues λn = 0, one finds the num-
ber of MZMs as well as their spatial structure.
If the Majorana operators {γi} are defined in the base of
real lattice nodes, then the spatial distribution of the MZM
operator Γn has the general form
Γn =∑
i
αinγi, (11)
where the coefficients αin have to fulfill normalization con-
dition ∑iα2in = 1. The coefficients {αin} could be obtained
from a transformation that is inverse to that introduced in the
Eq. (6),
αin = Oni. (12)
The presented method has been implemented using C++
programming language and the Armadillo library [68]. The
numerical implementation is available at the public online
repository [69]. The program can be easily adjusted for ar-
bitrary Hamiltonians or geometries of the system.
III. SIMPLE EXAMPLE AS A TEST CASE
First, we start with a test-case and study the 1D Rashba
chain. This system is described by the Hamiltonian
H1D = H0+Hmag+HSO+HSC. (13)
The first term describes free electrons in the chain
H0 =∑
i jσ
[ti j +µδi j]a†iσa jσ , (14)
3where a†iσ (aiσ ) denotes creation (anihilation) operator of par-
ticle in i-th site with spin σ ∈ {↑,↓}, ti j denotes a hop-
ping integral, while µ is the chemical potential. We assume
equal hopping between the nearest-neighbor (NN) sites (i.e.,
t〈i, j〉 = t = 1). The second term
Hmag = h ∑
iσσ ′
a†iσσ
z
σσ ′aiσ ′ , (15)
describes the Zeeman magnetic field h. Third term describes
the Rashba spin–orbit coupling
HSO = α ∑
iσσ ′
(
a†jσ iσ
y
σσ ′ai+xˆ,σ ′ +H.c.
)
, (16)
where α is the spin–orbit coupling, xˆ is the unit vector in x-
direction (along chain), while σa (a = x,y,z) denote the Pauli
matrices. The third term describes on-site superconductivity
HSC = ∆∑
i
(
a†i↑a
†
i↓+H.c.
)
, (17)
where ∆ corresponds to the superconducting gap.
A. Results
Next, we compare numerical results obtained from the
method described in Sec. II and from the standard technique
based on the Bogoliubov–de Gennes (BdG) equations briefly
summarized in the Appendix B. In order to apply our algo-
rithm for studying topological phase, first, the Hamiltonian
H1D should be expressed in the Majorana operator basis:
γ+iσ = aiσ +a
†
iσ , γ
−
iσ = i(aiσ −a†iσ ). (18)
Then, the terms ofH1D are given by:
H0+Hmag =− i2∑
i jσ
[ti j +(µ−σh)δi j]
(
γ+iσ γ
−
jσ + γ
+
jσ γ
−
iσ
)
,
(19)
HSO =− iα2 ∑
〈i, j〉
(
γ+i↑ γ
−
j↓+ γ
+
j↓γ
−
i↑ − γ+i↓ γ−j↑− γ+j↑γ−i↓
)
,
(20)
HSC = i∆2 ∑
i
(
γ+i↑ γ
−
i↓ − γ+i↓ γ−i↑
)
. (21)
Here, one can notice, that a similar strategy can be used
also for two- and three-dimensional systems, as discussed
further on. Moreover, this method can also be extended to
inhomogeneous systems, e.g., with site-dependent parame-
ters [15, 70, 71].
First, we study the topological phase diagram of the 1D
Rashba chain. In general, the non-trivial topological phase
exists when [72–74]
(W ±µ)2+∆2 < h2, (22)
where W is the half-band-width, which for 1D chain W = 2t.
As a consequence, Eq. (22) leads to parabolic-like boundaries
FIG. 2. The smallest eigenvalue λ1 from Eq. (10) in the case of
the Rashba chain with L = 100 sites and ∆/t = 1, as a function of
chemical potential µ and magnetic field h for different spin–orbit
coupling α/t: (a) 1.00, (b) 0.50, (c) 0.10, and (d) 0.05.
FIG. 3. The effective gap δE for the Rashba chain with L = 100
sites and ∆/t = 1, as a function of chemical potential µ and magnetic
field h for different spin–orbit coupling α/t: (a) 1.00, (b) 0.50, (c)
0.10, and (d) 0.05. Results obtained from the Bogoliubov–de Gennes
equations technique (cf. Fig. 2).
4of the topologically non-trivial phase [75]. The boundary be-
tween trivial and non-trivial topological phases is well visi-
ble in Fig. 2 and Fig. 3. Fig. 2 shows λ1, i.e. the smallest
eigenvalue in Eq. (10), while Fig. 3 shows the energy gap δE
obtained within the BdG formalism. The latter quantity is de-
fined as the difference between energies of two levels which
are the closest to the Fermi energy. In both cases, exponen-
tially small values of parameters (λ1 and δE) mark a range of
parameters where a non-trivial topological phase exists.
The emerge of the non-trivial topological phase can be dis-
cussed via the spectrum of the system (Fig. 4) [76, 77]. In-
creasing the magnetic field h leads to the closing of the trivial
superconducting gap. At the some magnetic field hc (which
for chosen parameter hc = ∆) topological phase transition oc-
curs. Further increasing h leads to the reopening of the non-
trivial topological gap. The following gap strongly depends
on the system parameters, e.g., spin–orbit coupling [cf. Fig. 4
panels from (a) to (d)]. In the case of finite size systems,
the pair of zero (or almost zero) energy in-gap MZMs can
be found.
The presented method allows for studying the spatial struc-
ture of the MZMs [Eq. (10)]:
Li =∑
n
Lin, Lin =
M
∑
m=1
|αmin |2, (23)
where Li describes how much γ’s located at site i contribute
to all MZMs in the system. Therefore, M in Eq. (23), enu-
merates independent Majorana operators related to the single
site i of the system, and n enumerates independent MZMs in
the system. For example, in the case of the spinless fermionic
operatorsM = 2 (i.e., γ+i and γ
−
i ), while in the case of spin-
full ones M = 4 (i.e., γ+i↑ , γ
−
i↑ , γ
+
i↓ , and γ
−
i↓ ). Coefficients α
m
in
denote projections of the MZM operators Γn on the intersite
Majorana fermions γmi [66], cf. Eq. (11). This quantity, Li,
may be compared to the zero-energy local density of states
(LDOS) ρi(ω = 0), which can be obtained from the BdG tech-
nique [cf. Eq. (B4)]. The comparison of both quantities for the
studied Rashba chain is presented in Fig. 5.
In a realistic (finite) system, the MZMs are char-
acterized by exponential suppression of energy splitting
i.e., [Γ,H0] ∝ exp(−L/ξM) [9, 78, 79], where L is the sys-
tem size. This behavior is related to a length-scale, ξM , that
strongly depends on the model parameters [78–80] and has a
strong impact on various properties of a finite system. On the
one hand, the exponential decay of the MZMs with distance
from the end of the chain is well visible on the logarithmic
scale [79–84], which is used in Fig. 5. For selected parame-
ters shown in Figs. 5(c) and 5(d), we observe substantial over-
lap of MZMs located at the opposite ends of the nanowire. On
the other hand, such overlap causes energy oscillation of the
Majorana modes around the Fermi level [78, 82–84] shown in
the insets in Fig. 4. In our calculations, the energy of MZMs is
proportional to λ1. From this, exponential decay of λ1 should
be also observed. Indeed, this is well visible in Fig. 2 and
Fig. 3, presenting values of λ1 and δE, respectively. In both
cases, for a relatively small value of the spin–orbit coupling,
strong oscillations of these quantities show up as a fine pat-
tern composed of diagonal lines [cf. insets in Fig. 2(d) and
FIG. 4. The spectrum of the Rashba chain as a function of mag-
netic field h and different value of the spin–orbit coupling α/t:
(a) 1.00, (b) 0.50, (c) 0.10, and (d) 0.05. Results obtained from
the Bogoliubov–de Gennes equations technique, for L = 100 sites,
µ/t = 2, and ∆/t = 1. Insets show oscillations and crossing of the
Fermi level by the nearly-zero energy states.
Fig. 3(d)]. Moreover, the boundary of the non-trivial topolog-
ical phase is rather blurred in such cases. In this sense, the
ratio L/ξM determines how much λ1 and δE differ from zero.
As we mentioned above, the ratio L/ξM can depend on many
external and internal factors, e.g., the spin–orbit coupling α or
magnetic field h. Summarizing, the λ1 correctly describes the
overlap of MZMs as well as all physical consequences which
originate from such overlap.
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FIG. 5. The comparison of Majorana modes spatial structures
in the case of the Rashba chain: (normalized) local denisty of
states (LDOS) shown by red line is obtained from the Bogoliubov–
de Gennes equations technique, while blue dots shown results for Γ1
and Γ2 obtained by the presented algorithm. Results for different val-
ues of the spin–orbit coupling α/t: (a) 1.00, (b) 0.50, (c) 0.10, and
(d) 0.05, in the case of chain with L= 100 sites and fixed µ/t = 2 and
h/t ≈ 2 – which correspond to parameters where MZMs are realized
(cf. Fig. 2 and Fig. 3).
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FIG. 6. The spatial structure of two MZMs under crossover from
the quasi-one-dimensional to two-dimensional system (panels from
top to bottom), in the Kitaev model. The systems have a fixed length
Nx = 200, while height Ny increasing (10 , 30, 50, and 100, for panels
from top to bottom, respectively). The results obtained for ∆/t =
−0.1, and µ/t =−2.0.
IV. TWO-DIMENSIONAL AND THREE-DIMENSIONAL
MODELS
In this section, we discuss results obtained from our method
for a few important models hosting MZMs: two-dimensional
Kitaev model (Sec. IV A), two-dimensional Rashba stripe
(Sec. IV B), and three-dimensional Rashba wire (Sec. IV C).
A. 2D Kitaev model
One of the most important models studied in the context of
MZMs is the Kitaev model [1], which describes the spinless
fermions with inter-site paring in the one-dimensional chain.
This model can be extended to describe also 2D systems
H K2D = t ∑
〈i, j〉
(
a†i a j +H.c.
)
+µ∑
i
a†i ai (24)
+ ∆∑
i
(
a†i a
†
i+xˆ+ ia
†
i a
†
i+yˆ+H.c.
)
.
Here, operators a†i and ai denote creation and annihilation of
the spinless fermion in the i-th site of the lattice. The first
(a)
(b)
FIG. 7. The spectrum of λn from Eq. (10) as a function of chem-
ical potential µ . (a) The Results for the two-dimensional Kitaev
model (for ∆/t = −0.1, Nx = 100, and Ny = 10), and (b) for two-
dimensional Rashba model (for α/t = 0.1, ∆/t = 0.1, hz/t = 0.2,
Nx = 150, and Ny = 10). In both cases, the yellow and red shaded
areas mark range of µ for which system hosts 2 and 4 MZMs, re-
spectively.
term describes hopping between the neighboring sites. The
last term corresponds to the p+ ip pairing, which can be ef-
fectively induced in some systems by the interplay between
the s-wave superconductivity, the spin–orbit coupling and the
external magnetic field [85–87].
Our results can be compared with the results shown in
Ref. [88]. First, we accurately reproduce the crossover from
the quasi-one-dimensional (Nx  Ny) to exact 2D (Nx ' Ny)
system (cf. Fig. 1 in Ref. [88] and Fig. 6 in this work). In our
case, the spatial structure can be found from Eq. (23). In the
quasi-one-dimensional system, the MZMs are localized at the
system edges (top panel at Fig. 6). Modification of the Ny/Nx
ratio leads to crossover from quasi-one-dimensional system
to a two-dimensional one (cf. panels from top to bottom at
Fig. 6). During this crossover, the MZMs relocate from the
ends of the chain-like system towards the edges of the 2D clus-
ter. Moreover, the exponential decay of the MZMs from edge
to the center of the system is well visible on the length-scale
ξM ≈ 10a ∝ ∆/t, where a is the lattice constant).
Next, we single out a range of µ for which the system hosts
MZMs. This can be done in a relatively simple way by study-
ing the energy spectrum and the existence of the zero energy
in-gap states (cf. Fig. 2 in Ref. [88]). In our case, a simi-
lar information is encoded in the spectrum λn [cf. Eq. (10)],
1
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FIG. 8. The spatial structure of two MZMs, for Rashba model
with in-plain magnetic field along system. The results obtained for
quasi-one dimensional system with Nx×Ny = 100× 10 for α/t =
0.1, ∆/t = 0.1, hx/t = 0.2, hz/t = 0, µ/t = 4, and ∆/t = 0.1.
6which is shown in Fig. 7(a). As one can see, there are several
windows of chemical potential for which there exist solutions
with λn = 0, as marked by yellow background color in the
latter plot.
Here, we specify the numerical condition for the presence
of the MZMs. In an infinite system, the existence of MZMs
is equivalent to the presence of eigenmodes with λn = 0 and
each such eigenmode represents a single MZM. However, the
numerical studies are carried out for large but finite systems.
Then, the MZMs do overlap with each other and are not strict
integrals of motion. Hence, we look for solutions λn < ε ,
where we take ε = 10−6. In order to improve identification
of the MZMs and to eliminate ambiguity connected with the
choice of ε , we check whether the nearly-degenerate, eigen-
values λn < ε are separated from the rest of the spectrum by
a gap that is much larger than ε . The existence of the latter
gap is clearly visible in Fig. 7 for highlighted windows of µ .
Finally, we notice that the latter gap is very important for the
efficiency of the Lanczos algorithm.
B. 2D Rashba stripe
Similarly to the Kitaev model, also the Rashba chain de-
scribed in Sec. III, can be extended to the 2D form
H R2D = H0+Hmag+HSO+HSC. (25)
The kinetic term, H0, and the superconducting term HSC are
unchanged and take the same form as previously [cf. Eq. (14)
and (17), respectively]. However, we assume a more general
form of the term describing the external magnetic field
Hmag = hx ∑
iσσ ′
a†iσσ
x
σσ ′aiσ ′ +hz ∑
iσσ ′
a†iσσ
z
σσ ′aiσ ′ , (26)
where the magnetic field can be arranged in x (hx 6= 0 and
hz = 0) or z (hx = 0 and hz 6= 0) directions. Also the Rashba
spin–orbit coupling term take the two-dimensional general-
ized form
HSO = α ∑
iσσ ′
[
a†iσ iσ
x
σσ ′ai+yˆ,σ ′ +a
†
iσ iσ
y
σσ ′ai+xˆ,σ ′ +H.c.
]
.
(27)
The boundaries of non-trivial phases with MZMs in this
model have been determined by analysing the spectrum λn,
which is shown in Fig. 7(b). The presented results reveal the
multiband nature of the two-dimensional system [89]. In-
creasing the chemical potential µ (for fixed magnetic field
hz and hx = 0) we observe several windows of µ for which
MZMs are hosted in the system. This behavior is associated
with the crossing of the Fermi level by the bottom of subse-
quent sub-bands of the quasi-two-dimensional system. The
result is in agreement with the topological phase diagram of
the system discussed in Ref [90].
Our method allows to study not only the topological phase
diagram (i.e. the ranges of µ and hz, when the system hosts the
MZMs) but also the number of independent pairs of MZMs in
the system. Due to presence of the spin–orbit coupling, the
1
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FIG. 9. The spatial structure of MZMs for Rashba model with out-
off-plain magnetic field. Panels from top to bottom show localization
of the separate Majorana modes Γn (n = 1,2,3,4). The results ob-
tained for quasi-one dimensional system with Nx×Ny = 150×10 for
α/t = 0.1, ∆/t = 0.1, hx/t = 0, hz/t = 0.2, and µ/t = 0.05.
number as well as the spatial structure of the MZMs typically
depends on the direction of the magnetic field with respect
to the system’s plain. For comparison, we present results for
the in-plain magnetic field (Fig. 8) and the out-of-plain field
(Fig. 9). In the former case, we obtain a single pair of MZMs
and its spatial structure remains in agreement with the result
from the literature [cf. Fig. 3(a) in Ref. [90]]. It is interest-
ing that in the case the out-of-pain magnetic field we can find
four independent MZMs. In Fig. 9 we have shown their spa-
tial structures, separately for each MZM. As expected, MZMs
can be found in pairs which are symmetrically placed with
respect to the center of the system [cf. (a) and (b) panel or
(c) and (d) panel in Fig. 9]. Moreover, each pair oscillates
in the real-space with different periodicity (cf. two top pan-
els and two bottom panels). Such behavior has been reported
before [91, 92]. Here, we must have in mind that the ex-
plicit form of MZMs Γn is not uniquely defined. Arbitrary
orthogonal transformation O applied to a vector of MZMs
Γ = (Γ1,Γ2, . . . ,ΓN )T gives a rotated vector of independent
and orthogonal MZMs Γ˜= [Γ˜1, Γ˜2, . . . , Γ˜N ]T
Γ˜= OΓ. (28)
Here, O is an orthogonal matrix, OTO = 1, and N is the
number of independent MZMs in the system. Since ro-
tation does not change commutation relations, {Γ˜n, Γ˜m} =
{Γn,Γm} = 2δnm, or the commutation with the Hamiltonian
[H,Γn] = [H, Γ˜n] = 0, the transformed MZMs Γ˜ consists in-
dependent, conserved MZMs. Such rotation obviously does
not change physical properties of the system.
C. 3D model of a Rashba wire
The numerical efficiency of our method allows studying
also three-dimensional systems. Here, as an example, we in-
vestigate the extended Rashba model on a three-dimensional
lattice
H R3D = H0+Hmag+HSO+HSC. (29)
70.1
0.2
0.3
−6 −3 0
hx/t
µ/t
0 2 4 6 8
FIG. 10. The number of independent MZMs as a function of
chemical potential µ and magnetic field hx for the three-dimensional
Rashba model. The results for α/t = 0.1, ∆/t = 0.1, and Nx×Ny×
Nz = 150×5×5. Black cross shows parameters used in Fig. 11.
The kinetic and superconducting terms are the same as previ-
ously and are expressed, respectively, by Eqs. (14) and (17).
We assume the magnetic field along the x-direction
Hmag = hx ∑
iσσ ′
a†iσσ
x
σσ ′aiσ ′ . (30)
The spin–orbit coupling take the form
HSO = α ∑
iσσ ′
[
a†iσ iσ
x
σσ ′ai+yˆ,σ ′ +a
†
iσ iσ
y
σσ ′ai+xˆ,σ ′
+ a†iσ iσ
z
σσ ′ai+zˆ,σ ′ +H.c.
]
. (31)
Similarly to the case of a two-dimensional system, the topo-
logical phase diagram is composed of several parabolic-like
structures shown in Fig. 10. This property of the topological
phase diagram has been reported previously but only for 2D
models [51, 93, 94]. When the Fermi level crosses the bottom
of the lowest band, i.e. for µ/t ≈ −5.5, one pair of MZMs
occurs in system as marked by the first green parabola in the
left part of Fig. 10. For larger µ , there exist edge states con-
taining much more independent MZMs. In particular, one can
find up to eight independent MZMs in the studied system and
the corresponding model parameters are marked in Fig. 10 by
a blue color.
One particular realization of eight MZMs is shown in
Fig. 11. The spatial structure of MZMs shows clear similarity
with respect to the previously discussed 2D case. For instance,
all the MZMs can be grouped in pairs which are symmetri-
cally distributed with respect to the geometric center of the
system (cf. panels in Fig. 11 shown in a single row). The
latter symmetry is also well visible from the cross-sections
shown in the insets. Our analysis shows that the Majorana
states are not located at the surface of the wire. Instead, they
are distributed throughout almost the entire cross-sections of
the wires. Additionally, the previously discussed real-space
oscillations of the MZMs are visible along the wire and the
periodicity of these oscillations can be very different for vari-
ous pairs of the MZMs. Generally, the complex spatial struc-
ture of MZMs originates from mutual orthogonality of mul-
tiple pairs of MZMs. Increasing the length of the nanowire
Nx does not change the main result [cf. Supplemental Mate-
rial (SM) [95] where we show similar results as in Fig. 11 in
the case of Nx×Ny×Nz = 1 500× 5× 5 and 15 000× 5× 5
nanowires].
V. SUMMARY
The main purpose of the present work is to derive and test
a new method for identifying the MZMs in an arbitrary tight-
binding model without many-body interactions or when the
latter interactions may be introduced within a mean-field-like
approximation. The basic idea behind our method is to find an
orthogonal transformation of the Majorana fermions (not to
be confused with the MZMs) such that selected fermions are
missing in the transformed Hamiltonian. Then, the missing
Majorana operators represent true zero modes, i.e. the MZMs.
Recently, the studies on the topological properties of solids
focused on establishing the topological phase diagrams, which
can be found, e.g., from the bulk-boundary correspondence.
This technique may be applied for studying periodic and ho-
mogeneous systems. Moreover, in the case when the system
has untypical shape or geometry this method may not be ap-
plicable.
The main advantage of our method is that the MZMs can
be identified via looking for extreme eigenvalues and the cor-
responding eigenvectors of a semi-positive definite, symmet-
ric matrix. Due to the latter property, one may apply the
Lanczos algorithm and study tight-binding models contain-
ing up to 106 lattice sites (for a single band model). This is
well beyond the limitations of methods which are based on
the full diagonalization. The number of MZMs equals the
number of vanishing eigenvalues whereas the spatial structure
of MZMs is encoded in the corresponding eigenvectors. We
have compared numerical results obtained via the presented
method and within the Bogoliubov–de Gennes technique and
we have found that both methods are in excellent agreement.
Additionally, we have applied our method to a few commonly
studied models and compared numerical results with the re-
sults from the literature—e.g. for the 2D Kiteav model, 2D
Rashba stripes, or 3D Rashba nanowire. Presented compara-
tive analyses show that the discussed method can be success-
fully applied for different types of systems (independently of
its dimension, geometry, shape, etc.). Finally, we note that
our method has an additional important property. Namely,
it targets only the Majorana zero modes. In other words,
the MZMs are clearly distinguished from other possible edge
states which are unrelated to the Majorana fermions.
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FIG. 11. The spatial structure of MZMs for three-dimensional Rashba model with magnetic field along wire. Panel (a) shows the spatial
structure for all eight MZMs combined, while panels from (b) to (i) show localization of the separated MZMs Γn (n = 1,2, . . . ,8). Additional
insets show the wire cross-section to the precise analyzed MZM localization. The results form the Nx×Ny×Nz = 150×5×5 for α/t = 0.1,
∆/t = 0.1, hx/t = 0.214, and µ/t =−2.859.
9Appendix A: Details of the method
In this Appendix, we present the technical details of deriva-
tions in Section II. The properties of the general Majorana
Hamiltonian (4) are discussed in the Appendix A 1. The Ap-
pendix A 2 shows how to derive our central result (9) starting
from Eq. (8).
1. Properties of Hamiltonian in the base of Majorana operator
The matrix Mi j in Hamiltonian (4) is not uniquely defined,
because of the commutation relations. For any arbitrary pair
of indexes i, j the following transformation can be done
Mi jγiγ j +M jiγ jγi = (Mi j−M ji)γiγ j. (A1)
From above transformation it is easy to see that the diagonal
elements of that matrix are irrelevant and may be eliminated.
Thus, without loss of generality, this matrix can be uniquely
chosen in the upper triangular form
Mi j =
{
Mi j i < j
0, i≥ j (A2)
Since the Hamiltonian as well as the Majorana operators
are Hermitian, then the matrix M is real,
iMi jγiγ j = (iMi jγiγ j)† = iM∗i jγiγ j. (A3)
2. Details of the condition for MZMs
The Eq. (8) can be expanded in the following form,
∑
m
(hnm−hmn)2 =∑
m
(
h2nm+h
2
mn−2hnmhmn
)
. (A4)
Three terms: ∑m h2nm, ∑m h2mn, ∑m 2hnmhmn are calculated in
the next three Equations: (A5), (A6), and (A7), respectively:
∑
m
h2nm = ∑
i,i′, j
OTniMi jM
T
j,i′Oi′,n (A5)
∑
m
h2mn = ∑
i, j, j′
OTn jM
T
jiMi, j′O j′,n (A6)
2∑
m
hnmhmn = ∑
i,i′, j
OTniMi jM j, j′O j′n+ ∑
i,i′, j
OTniM
T
i jM
T
j, j′O j′n
(A7)
By the substitution Eq. (A5)–(A7) to the Eq. (A4), the follow-
ing result is obtained,
∑
m
(hnm−hmn)2 (A8)
= ∑
i, j,k
OTni
(
Mi jMTj,k +M
T
i jM j,k−MTi jMTj,k−Mi jM j,k
)
Ok,n.
Thus, the final condition for MZMs can be written in the next
compact form,
∑
i, j
OTni
[
(M−MT )2]i j O j,n = 0. (A9)
Appendix B: Bogoliubov–de Gennes equations technique
In the general case, the Hamiltonian H describing the fi-
nite size system in real space, can be diagonalized by unitary
transformation [96]
aiσ =∑
n
(
uinσηn−σv∗inσ¯η†n
)
, (B1)
where ηn nad η†n are the new fermionic annihilation and cre-
ation operators. This transformation leads to the Bogoliubov–
de Gennes equations in the form EnΨin = ∑ jHi jΨ jn, where
Hi j =

Hi j↑↑ Hi j↑↓ Dsi j D
t
i j
Hi j↓↑ Hi j↓↓ Dti j D
s
i j
(Dsi j)
∗ (Dti j)
∗ −H∗i j↓↓ −H∗i j↓↑
(Dti j)
∗ (Dsi j)
∗ −H∗i j↑↓ −H∗i j↑↑
 (B2)
is the matrix form of the HamiltonianH , while eigenvectors
are given by
Ψin =
(
uin↑,uin↓,vin↓,vin↑
)T
. (B3)
Here, the block matrices denote: Hi jσσ free-electron term (in
the form of spin-conserve hopping term), Hi jσσ¯ spin–orbit
coupling (in the form of spin-flip hopping terms), while Dsi j
and Dti j spin-singlet and spin-triplet superconducting term.
For instant, in the case of described 1D lattice with s-wave
on-site superconductivity (Sec. III), we have Hi jσσ = tδ〈i, j〉+
(µ + σh)δi j, Hi jσσ ′ = −iασ yσσ ′
(
δi+1, j−δi−1, j
)
, and Dsi j =
∆δi j while Dti j = 0. From solution of the BdG equation, one
can determine measurable physical quantities, e.g. the local
density of states (LDOS) [97]
ρi(ω) =∑
nσ
[|uinσ |2δ (ω+En)+ |vinσ |2δ (ω−En)] , (B4)
where δ (ω) denotes the Dirac delta function. In numerical
calculations we replace the delta function by the Lorentzian
δ (ω) = ζ/[pi(ω2 + ζ 2)], with a small broadening ζ/t =
0.001.
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